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Abstract

Weinvestigatenew approadesfor frequenggraph-based
patternminingin graphdatasetsaand proposea novel algo-
rithm calledgSpan(graph-basedubstructue pattern min-
ing), which discovers frequentsubstructues without can-
didate genemtion. gSpanbuilds a new lexicographic or-
deramonggraphs,and mapsead graphto a uniquemini-
mumDFScodeasits canonicallabel. Basedon thislexico-
graphicorder, gSpanadoptsthe depth- rst seach strategy
to minefrequentconnectedsubgiaphsefciently. Our per
formancestudyshowshat gSparsubstantiallyoutperforms
previousalgorithms,sometimesy an order of magnitude

1. Intr oduction

Frequensubstructur@atternmining hasbeenanemeg-
ing datamining problemwith mary scienti c and com-
mercial applications. As a general data structure, la-
beledgraphcanbe usedto model much complicatedsub-
structure patternsamong data. Given a graph dataset,

, denotesthe number
of graphs(in ) in which is a subgraph. The problem
of frequentsubgaphminingis to nd ary subgraph s.t.

(aminimumsupportthreshold).To
reducethe complexity of the problem(meanwhileconsid-
eringtheconnectvity propertyof hiddenstructuresn most
situations),only frequentconnectedsubgraphsre studied
in this paper

Thekernelof frequentsubgraphmining is subgraphso-
morphismtest. Lots of well-known pairwiseisomorphism
testingalgorithmswere developed. However, the frequent
subgraphmining problemwasnot exploredwell. Recently
Inokuchi et al. [4] proposedan Apriori-basedalgorithm,
called AGM, to discover all frequent(both connectecand
disconnectedyubstructures.Kuramochiand Karypis [5]
further developedthe ideausingadjacentepresentationf
graphandanedge-graving stratey. Theiralgorithm,called
FSG,isableto nd all frequentconnectegdubgraphfroma

chemicalcompounddatasein 10 minuteswith 6.5% min-
imum support. For the samedatasetour novel algorithm
cancompletethe sametaskin 10 seconds.

AGM andFSGbothtake advantageof the Apriori level-
wiseapproachl]. In thecontext of frequentsubgraphmin-
ing, the Apriori-lik e algorithmsmeettwo challenges:(1)
candidategeneration:the generationof size sub-
graphcandidatedrom size frequentsubgraphss more
complicatedandcostly thanthat of itemsets;and(2) prun-
ing false positives: subgraphisomorphismtestis an NP-
completeproblem thuspruningfalsepositivesis costly.

Contrib ution. In this paper we develop gSpan which
targetsto reduceor avoid the signi cant costsmentioned
above. If theentiregraphdatasetan t in main memory
gSpancanbe applieddirectly; otherwise onecan rst per
form graph-basedataprojectionasin [6], andthenapply
gSpan To thebestof ourknowledge gSparis the rst algo-
rithm thatexploresdepth- rstsearcHDFS)in frequentsub-
graphmining. Two techniquesDFS lexicographic order
and minimumDFS code areintroducedhere,which form
a novel canonicallabeling systemto supportDFS search.
gSpandiscoversall the frequentsubgraphsvithout candi-
dategeneratiorandfalsepositivespruning.It combineghe
growing and checkingof frequentsubgraphsnto one pro-
cedurethusacceleratethemining process.

2. DFS Lexicographic Order

This sectionintroducesseveraltechniqueslevelopedin
gSpan including mappingead graph to a DFS code (a
sequence)building a novel lexicographic orderingamong
thesecodes and constructinga seach tree basedon this
lexicographicorder.

DFS Subscripting. Whenperforminga depth- rst search
[3] in agraphwe construca DFStree.Onegraphcanhave
several different DFS trees. For example, graphsin Fig.
1(b)-(d) areisomorphicto thatin Fig. 1(a). Thethickened
edgesn Fig. 1(b)-(d)representhreedifferentDF Streesfor
thegraphin Fig. 1(a). Thedepth- rst discovery of the ver-
ticesforms a linear order We usesubscriptgo label this



Figure 1. Depth-Fir st Search Tree
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Table 1. DFS codes for Fig. 1(b)-(d)

orderaccordingto their discovery time [3]. means
isdiscoveredbefore . Wecall therootand theright-
mostvertex. Thestraightpathfrom to  is hamedthe

rightmostpath In Fig. 1(b)-(d), threedifferentsubscript-
ingsaregeneratedor thegraphin Fig. 1(a). Theright most
pathis in Fig. 1(b), in Fig. 1(c), and
in Fig. 1(d). We denotesuchsubscripted
as .
Forward Edge and Backward Edge. Given , thefor-
ward edge(tree edee [3]) setcontainsall the edgesin the
DFStree,andthe backward edge(bad edee [3]) setcon-
tainsall the edgeswhich arenotin the DFStree. For sim-
plicity, is an orderedpair to represenfan edge. If
, it is a forward edge;otherwise,a backward edge.

A linearorder, is built amongall theedgedsn by the
following rules(assume ): (i) if
and , ; (i) if and ,

; and(iii) if and ,
De nition 1 (DFSCode) Givena DFStree for a graph
,anedgesequence canbeconstructecbasedon
sud that . is

calleda DFScode denotedas

For simplicity, an edgecan be presenteddy a 5-tuple,
, where and arethelabelsof and
respectiely and is the label of the edgebetween
them. For example, in Fig. 1(b) is representedby
. Tablel shavsthecorrespondingpFScodes
for Fig. 1(b), 1(c),and1(d).

De nition 2 (DFS Lexicographic Order) Suppose
isa DFStreeof ,i.e, isasetcon-

taining all DFS codedor all theconnectedabeledgraphs.
Supposeéhere is a linear order () in thelabel set( ),
thenthelexicographiccombinationof and isalin-
earorder () ontheset . For further
detailsse€[7]. DFS LexicographicOrderis alinear order
de nedasfollows. If

and , then

iff eitherof thefollowingis true.

For the graphin Fig. 1 (a), thereexist tensof different
DFS codes. Threeof them, which are basedon the DFS
treesin Fig. 1(b)-(d) arelisted in Table1. Accordingto
DFSlexicographicorder,

De nition 3 (Minimum DFSCode) Given a graph

T is a DFStreeof G , basedon
DFS lexicographic order, the minimumone ,
is called Minimum DFS Codeof G. It is alsoa canonical
label of G.

Theorem1 Giventwo graphs and
to if andonlyif

is isomorphic
. (proof omitted)

Thus the problem of mining frequentconnectedsub-
graphsis equivalentto mining their correspondingmini-
mumDFScodes.This problemturnsto beasequentiapat-
ternmining problemwith slight difference which concep-
tually canbe solved by existing sequentiapatternmining

algorithms.
Givena DFScode , ary valid DFS
code , is called 'schild, and is

called 'sparent. In fact,to constructa valid DFS code,
mustbe an edgewhich only grows from the verticeson
the rightmostpath. In Fig. 2, the graphshown in 2(a) has
several potentialchildrenwith oneedgegrowth, which are
shavn in 2(b)-(f) (assumehe darkenedverticesconstitute
therightmostpath). Amongthem,2(b), 2(c),and2(d) grow
from the rightmostvertex while 2(e) and 2(f) grow from
otherverticeson the rightmostpath. 2(b.0)-(b.3) are chil-
drenof 2(b), and 2(e.0)-(e.2)are children of 2(e). Back-
ward edgescanonly grow from therightmostvertex while
forwardedgescangrow from verticesontherightmostpath.
Thisrestrictionis similarto TreeMinerV'sequialenceclass
extension[8] andFREQTS' rightmostexpansion2] in fre-
guenttreediscovery. The enumeratiororderof thesechil-
drenis enhancedy the DFS lexicographicorder, i.e., it
shouldbein theorderof 2(b), 2(c), 2(d), 2(e),and2(f).

De nition 4 (DFSCodeTree) In a DFS CodeTree each
noderepresentsa DFS code the relation betweenparent
and child nodecomplieswith the parent-cild relation de-
scribedabove Therelation amongsiblingsis consistent
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Figure 2. DFS Code/Graph Growth
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with the DFS lexicographic order. Thatis, the pre-order
search of DFSCodeTreefollowsthe DFSlexicographicor-
der.

Givenalabelset , aDFSCodeTreeshouldcontainan
in nite numberof graphs.Sincewe only considerfrequent
subgraphén a nite datasetthesizeof aDFSCodeTreeis
nite. Fig. 3 shovs a DFS CodeTree,the level nodes
containDFS codesof -edgegraphs.Throughdepth-
rst searchof the codetree,all the minimumDFS codesof
frequentsubgraphganbe discovered. Thatis, all the fre-
guentsubgraphganbe discoveredin this way. We should
mentionthatif in Fig. 3 the darkennodescontainthe same
graphbut differentDFS codesthen is notthe minimum
code(provedin [7]). Thereforethewhole sub-branclof
canbe prunedsinceit will not containary minimumDFS
code.

3. The gSpanAlgorithm

We formulatethegSparalgorithmin this section.gSpan
usesa sparseadjacenyg list representatioto storegraphs.
Algorithm 1 outlinesthe pseudo-codef the framework,
whichis self-explanatory(Notethat representthegraph
dataset, containgheminingresult).

Assumewe have a label set for vertices,
and for edges. In Algorithm 1 line 7-12, the
rst round will discover all the frequentsubgraphscon-
taininganedge — . The secondroundwill discover
all the frequentsubgraphsontaining — , but not ary

— . This procedurerepeatauntil all the frequentsub-
graphsare discovered. The databaseés shrunkwhenthis
procedurecontinues(Algorithm 1-line 10) and when the
subgraphturnsto be larger (Subproceduréd-line 8, only
graphswhich containsthis subgraphare considered.
meansthe set of graphsin which is a subgraph). Sub-
graphMining is recursvely calledto grow the graphsand
nd all their frequentdescendantsSubgraphMining stops
searchingeither when the supportof a graphis lessthan

, Or its codeis not a minimum code,which means

Figure 3. A Search Space: DFS Code Tree

this graphandall its descendantsave beengeneratednd
discoveredbefore(see[7]).

Algorithm 1 GraphSetProjection(, ).

sortthelabelsin by their frequeng;
remove infrequentverticesandedges;
relabeltheremainingverticesandedges;
all frequentl-edgegraphsn ;
sort in DFSlexicographicorder;

for eachedge do
initialize with , set by graphswhich contains ;
SubgrapbMining( , , );

11: if :

Subprocedure 1 SubgraphMining( , , ).
1:if

return;

: enumerate in eachgraphin

2:

3:

4 andcountits children;
5:foreach , is ' childdo

6:

7

8

if

SubgraptMining( , ., );

4. Experiments and Performance Study

A comprehensie performancestudy has been con-
ductedin our experimentson both syntheticandrealworld
datasetsWe usea syntheticdatageneratoprovidedby Ku-
ramochiandKarypis [5]. The real datasetwe testedis a
chemicalcompounddatasetAll the experimentsf gSpan
aredoneon a 500MHZ Intel Pentiumlll PCwith 448 MB
mainmemory runningRedHat Linux 6.2. We alsoimple-
mentedour versionof FSGwhich achievessimilar perfor



Figure 4. Runtime: Synthetic data

manceasthatreportedn [5]. As shovn in Figures4 and5,
we comparethe performancef gSpanwith FSG[5] if the
resultis available; otherwisewe shaov our own implemen-
tationresultbasedn the samedataset[5] did thetestona
Linux machinewith similar con guration.

Synthetic Datasets. The synthetic datasetsare gen-
eratedusing a similar proceduredescribedin [1]. Ku-
ramochiet al. [5] applieda simpli ed procedurein their
graphdatasynthesis.We usetheir datageneratar gSpan
wastestedin varioussyntheticdatasetswith differentpa-
rameters,  (the numberof possiblelabels), (the av-
eragesizeof potentialfrequentsubgraphs-&rnels), (the
averagesizeof graphsin termsof edges)and x ed param-

eters, (the total numberof graphsgenerated),
(thenumberof potentiallyfrequentkernels) and
. Asshawnin Fig. 4, thespeed-ugs
betweert and30.

Chemical Compound Dataset. The chemical com-
pound datasetcan be retrieved throughthis URL . The
datasetcontains 340 chemical compounds,24 different
atoms,66 atomtypes,and4 typesof bonds. The dataset
is sparsecontainingon average27 verticesper graphand
28edgeyergraph.Thelargestonecontains®214edgesand
214vertices.Sothediscoveredpatternsaaremuchlike tree,
thoughthey do containssomecycles. We usethe type of
atomsand bondsas labels. The goalis to nd the com-
mon chemicalcompoundsubstructures.Fig. 5 illustrates
theruntimeof gSpanandFSGas variesfrom 2%
to 30%. Thetotal memoryconsumptioris lessthan 100M
for ary pointof gSparmplottedin the gure. For FSG,when
the is lessthan |, the procesds abortedeither
becaus¢hemainmemoryis exhaustedr theruntimeis too
long. Fig. 5 shavs gSpanachievesbetterperformancedy
15-100timesin comparisorwith FSG.

Ihttp://oldwwwcomlabox.ac.uk/ouktgroups/madilearn’PTE.
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Figure 5. Runtime: Chemical data

5. Conclusions

In this paper we introduceda new lexicographicorder
ing systemanddevelopedadepth- rstsearch-baseahining
algorithmgSpanfor ef cient mining of frequentsubgraphs
in large graphdatabaseOur performancestudyshaws that
gSpanoutperformsFSG by an order of magnitudeandis
capableo minelargefrequentsubgraphsn a biggergraph
setwith lower minimumsupportghanpreviousstudies.
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