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Abstract

Weinvestigatenew approachesfor frequentgraph-based
patternminingin graphdatasetsandproposea novelalgo-
rithm calledgSpan(graph-basedSubstructurepatternmin-
ing), which discovers frequentsubstructureswithout can-
didate generation. gSpanbuilds a new lexicographic or-
der amonggraphs,andmapseach graphto a uniquemini-
mumDFScodeasits canonicallabel. Basedon this lexico-
graphicorder, gSpanadoptsthedepth-�rst search strategy
to minefrequentconnectedsubgraphsef�ciently. Our per-
formancestudyshowsthatgSpansubstantiallyoutperforms
previousalgorithms,sometimesbyanorderof magnitude.

1. Intr oduction

Frequentsubstructurepatternmininghasbeenanemerg-
ing data mining problem with many scienti�c and com-
mercial applications. As a general data structure, la-
beledgraphcanbe usedto modelmuchcomplicatedsub-
structurepatternsamong data. Given a graph dataset,
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, ��������� � !#"%$'& denotesthe number
of graphs(in

�

) in which $ is a subgraph.The problem
of frequentsubgraphmining is to �nd any subgraph$ s.t.

���(�)�*� � !#"%$'&,+.-0/21435��� (aminimumsupportthreshold).To
reducethe complexity of the problem(meanwhileconsid-
eringtheconnectivity propertyof hiddenstructuresin most
situations),only frequentconnectedsubgraphsarestudied
in this paper.

Thekernelof frequentsubgraphmining is subgraphiso-
morphismtest.Lots of well-known pair-wiseisomorphism
testingalgorithmsweredeveloped.However, the frequent
subgraphmining problemwasnotexploredwell. Recently,
Inokuchi et al. [4] proposedan Apriori-basedalgorithm,
calledAGM, to discover all frequent(both connectedand
disconnected)substructures.Kuramochiand Karypis [5]
furtherdevelopedthe ideausingadjacentrepresentationof
graphandanedge-growingstrategy. Theiralgorithm,called
FSG,is ableto �nd all frequentconnectedsubgraphsfrom a

chemicalcompounddatasetin 10 minuteswith 6.5%min-
imum support. For the samedataset,our novel algorithm
cancompletethesametaskin 10seconds.

AGM andFSGbothtake advantageof theApriori level-
wiseapproach[1]. In thecontext of frequentsubgraphmin-
ing, the Apriori-lik e algorithmsmeettwo challenges:(1)
candidategeneration:the generationof size "7698;: & sub-
graphcandidatesfrom size 6 frequentsubgraphsis more
complicatedandcostly thanthatof itemsets;and(2) prun-
ing falsepositives: subgraphisomorphismtest is an NP-
completeproblem,thuspruningfalsepositivesis costly.

Contrib ution. In this paper, we developgSpan, which
targetsto reduceor avoid the signi�cant costsmentioned
above. If theentiregraphdatasetcan�t in main memory,
gSpancanbeapplieddirectly; otherwise,onecan�rst per-
form graph-baseddataprojectionasin [6], andthenapply
gSpan. To thebestof ourknowledge,gSpanis the�rst algo-
rithm thatexploresdepth-�rstsearch(DFS)in frequentsub-
graphmining. Two techniques,DFS lexicographic order
andminimumDFS code, are introducedhere,which form
a novel canonicallabelingsystemto supportDFS search.
gSpandiscoversall the frequentsubgraphswithout candi-
dategenerationandfalsepositivespruning.It combinesthe
growing andcheckingof frequentsubgraphsinto onepro-
cedure,thusacceleratestheminingprocess.

2. DFS Lexicographic Order

This sectionintroducesseveral techniquesdevelopedin
gSpan, including mappingeach graph to a DFS code(a
sequence),building a novel lexicographicorderingamong
thesecodes, andconstructinga search tree basedon this
lexicographicorder.
DFS Subscripting. Whenperforminga depth-�rst search
[3] in agraph,weconstructaDFStree.Onegraphcanhave
several different DFS trees. For example,graphsin Fig.
1(b)-(d)areisomorphicto that in Fig. 1(a). The thickened
edgesin Fig.1(b)-(d)representthreedifferentDFStreesfor
thegraphin Fig. 1(a). Thedepth-�rst discoveryof thever-
tices forms a linear order. We usesubscriptsto label this
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Figure 1. Depth­Fir st Search Tree
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Table 1. DFS codes for Fig. 1(b)­(d)

orderaccordingto their discovery time [3]. /WVYX meansZ([

is discoveredbeforeZ \ . Wecall Z

	

therootand Z
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theright-
mostvertex. The straightpathfrom Z

	

to Z

�

is namedthe
rightmostpath. In Fig. 1(b)-(d), threedifferentsubscript-
ingsaregeneratedfor thegraphin Fig. 1(a).Theright most
path is "@Z
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& in Fig. 1(d). We denotesuchsubscripted
�
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�a`
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Forward Edgeand Backward Edge. Given

�a`

, the for-
ward edge(treeedge [3]) setcontainsall the edgesin the
DFS tree,andthe backwardedge(back edge [3]) setcon-
tainsall theedgeswhich arenot in theDFStree. For sim-
plicity, "@/

�

Xb& is an orderedpair to representan edge. If
/cVdX , it is a forward edge;otherwise,a backward edge.
A linearorder, e
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De�nition 1 (DFSCode) Givena DFStree i for a graph
�
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them. For example, "@Z
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& . Table1 showsthecorrespondingDFScodes
for Fig. 1(b),1(c),and1(d).

De�nition 2 (DFSLexicographic Order) Suppose
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i is a DFS treeof
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, i.e.,
P

is a setcon-

tainingall DFScodesfor all theconnectedlabeledgraphs.
Supposethere is a linear order ( eoz ) in the label set ( { ),
thenthelexicographiccombinationof e
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and e z is a lin-
ear order ( e}| ) on the set
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For the graphin Fig. 1 (a), thereexist tensof different
DFS codes. Threeof them,which are basedon the DFS
treesin Fig. 1(b)-(d) are listed in Table 1. According to
DFSlexicographicorder, >Be•<‰eŠ= .

De�nition 3 (Minimum DFS Code) Given a graph
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T is a DFS treeof G
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DFS lexicographic order, the minimumone, -0/j1•"
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is calledMinimum DFS Codeof G. It is alsoa canonical
labelof G.

Theorem1 Giventwo graphs
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Thus the problem of mining frequentconnectedsub-
graphsis equivalent to mining their correspondingmini-
mumDFScodes.Thisproblemturnsto beasequentialpat-
ternmining problemwith slight difference,which concep-
tually canbe solved by existing sequentialpatternmining
algorithms.

Givena DFScode <
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& , is called < 's child, and < is
called = 's parent. In fact, to constructa valid DFS code,

K

mustbe an edgewhich only grows from the verticeson
the rightmostpath. In Fig. 2, the graphshown in 2(a) has
severalpotentialchildrenwith oneedgegrowth, which are
shown in 2(b)-(f) (assumethe darkenedverticesconstitute
therightmostpath).Amongthem,2(b),2(c),and2(d)grow
from the rightmostvertex while 2(e) and 2(f) grow from
otherverticeson the rightmostpath. 2(b.0)-(b.3) arechil-
dren of 2(b), and2(e.0)-(e.2)arechildren of 2(e). Back-
wardedgescanonly grow from therightmostvertex while
forwardedgescangrow from verticesontherightmostpath.
Thisrestrictionis similartoTreeMinerV'sequivalenceclass
extension[8] andFREQT's rightmostexpansion[2] in fre-
quenttreediscovery. Theenumerationorderof thesechil-
dren is enhancedby the DFS lexicographicorder, i.e., it
shouldbein theorderof 2(b),2(c),2(d),2(e),and2(f).

De�nition 4 (DFS CodeTree) In a DFS CodeTree, each
noderepresentsa DFS code, the relation betweenparent
andchild nodecomplieswith theparent-child relation de-
scribedabove. The relation amongsiblings is consistent
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Figure 2. DFS Code/Graph Growth

with the DFS lexicographic order. That is, the pre-order
search of DFSCodeTreefollowstheDFSlexicographicor-
der.

Givena labelset { , a DFSCodeTreeshouldcontainan
in�nite numberof graphs.Sincewe only considerfrequent
subgraphsin a �nite dataset,thesizeof aDFSCodeTreeis
�nite. Fig. 3 shows a DFSCodeTree,the 1

’@˜

level nodes
containDFScodesof "^1

s

:�& -edgegraphs.Throughdepth-
�rst searchof thecodetree,all theminimumDFScodesof
frequentsubgraphscanbe discovered. That is, all the fre-
quentsubgraphscanbediscoveredin this way. We should
mentionthat if in Fig. 3 thedarkennodescontainthesame
graphbut differentDFScodes,then � ™ is not theminimum
code(provedin [7]). Therefore,thewholesub-branchof �

™

canbe prunedsinceit will not containany minimumDFS
code.

3. The gSpanAlgorithm

WeformulatethegSpanalgorithmin thissection.gSpan
usesa sparseadjacency list representationto storegraphs.
Algorithm 1 outlines the pseudo-codeof the framework,
which is self-explanatory(Notethat š representsthegraph
dataset,› containsthemining result).

Assumewe have a label set
��œ��
•ž�LŸm���������

for vertices,
and

��C*�LK �
N�������� �

for edges. In Algorithm 1 line 7-12, the
�rst round will discover all the frequentsubgraphscon-
taining an edge

œ¢¡ œ

. The secondround will discover
all the frequentsubgraphscontaining

œ�¡ •

, but not any
œ

¡
œ

. This procedurerepeatsuntil all the frequentsub-
graphsare discovered. The databaseis shrunkwhen this
procedurecontinues(Algorithm 1-line 10) and when the
subgraphturns to be larger (Subprocedure1-line 8, only
graphswhich containsthis subgraphare considered.

�9£

meansthe set of graphsin which � is a subgraph). Sub-
graphMining is recursively calledto grow the graphsand
�nd all their frequentdescendants.SubgraphMining stops
searchingeither when the supportof a graphis lessthan

-c/j143¤�(� , or its codeis not a minimumcode,which means
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Figure 3. A Search Space: DFS Code Tree

this graphandall its descendantshave beengeneratedand
discoveredbefore(see[7]).

Algorithm 1 GraphSetProjection(š , › ).

1: sortthelabelsin š by their frequency;
2: removeinfrequentverticesandedges;
3: relabeltheremainingverticesandedges;
4: ›

�5¥

all frequent1-edgegraphsin š ;
5: sort ›

�

in DFSlexicographicorder;
6: ›

¥

›

�

;
7: for eachedgef�†¦›

�

do
8: initialize � with f , set �

� �

by graphswhichcontainsf ;
9: SubgraphMining( š , › , � );
10: š

¥

š

s

f ;
11: if

q

š

q

V.-0/21435��� ;
12: break;

Subprocedure1 SubgraphMining( š , › , � ).

1: if �t§

�

-c/j1•"2��&

2: return;
3: ›

¥

›a¨

�

�

�

;
4: enumerate� in eachgraphin š andcountits children;
5: for each

N

,
N

is � ' child do
6: if ���(�)�*� � !#"

N

&,©Š-c/j143¤�(�

7: �

¥

N

;
8: SubgraphMining( š

£

, › , � );

4. Experiments and PerformanceStudy

A comprehensive performancestudy has been con-
ductedin our experimentson bothsyntheticandrealworld
datasets.Weuseasyntheticdatageneratorprovidedby Ku-
ramochiandKarypis [5]. The real datasetwe testedis a
chemicalcompounddataset.All theexperimentsof gSpan
aredoneon a 500MHZ Intel PentiumIII PCwith 448MB
mainmemory, runningRedHat Linux 6.2. We alsoimple-
mentedour versionof FSGwhich achievessimilar perfor-



Figure 4. Runtime: Synthetic data

manceasthatreportedin [5]. As shown in Figures4 and5,
we comparetheperformanceof gSpanwith FSG[5] if the
result is available;otherwisewe show our own implemen-
tationresultbasedon thesamedataset.[5] did thetestona
Linux machinewith similar con�guration.

Synthetic Datasets. The syntheticdatasetsare gen-
eratedusing a similar proceduredescribedin [1]. Ku-
ramochiet al. [5] applieda simpli�ed procedurein their
graphdatasynthesis.We usetheir datagenerator. gSpan
was testedin varioussyntheticdatasetswith differentpa-
rameters,

q ª.q

(the numberof possiblelabels),
q «�q

(the av-
eragesizeof potentialfrequentsubgraphs-kernels),

q

i

q

(the
averagesizeof graphsin termsof edges)and�x edparam-
eters,

q �¬q¤�

:�?)­ (the total numberof graphsgenerated),
q

{

qO�®I

?)? (thenumberof potentiallyfrequentkernels),and
-c/j143¤�(�

�

?

�

?':

~¦q �”q

. As shown in Fig. 4, thespeed-upis
between6 and30.

Chemical Compound Dataset. The chemical com-
pounddatasetcan be retrieved through this URL 1. The
datasetcontains340 chemical compounds,24 different
atoms,66 atomtypes,and4 typesof bonds. The dataset
is sparse,containingon average27 verticesper graphand
28edgespergraph.Thelargestonecontains214edgesand
214vertices.Sothediscoveredpatternsaremuchlike tree,
thoughthey do containssomecycles. We usethe type of
atomsand bondsas labels. The goal is to �nd the com-
mon chemicalcompoundsubstructures.Fig. 5 illustrates
theruntimeof gSpanandFSGas -0/j143¤��� variesfrom 2%
to 30%. Thetotal memoryconsumptionis lessthan100M
for any pointof gSpanplottedin the�gure. For FSG,when
the -0/21435��� is lessthan ¯(° , the processis abortedeither
becausethemainmemoryis exhaustedor theruntimeis too
long. Fig. 5 shows gSpanachievesbetterperformanceby
15-100timesin comparisonwith FSG.

1http://oldwww.comlab.ox.ac.uk/oucl/groups/machlearn/PTE.
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Figure 5. Runtime: Chemical data

5. Conclusions

In this paper, we introduceda new lexicographicorder-
ing systemanddevelopedadepth-�rst search-basedmining
algorithmgSpanfor ef�cient mining of frequentsubgraphs
in largegraphdatabase.Our performancestudyshows that
gSpanoutperformsFSGby an orderof magnitudeand is
capableto minelargefrequentsubgraphsin a biggergraph
setwith lowerminimumsupportsthanpreviousstudies.

Acknowledgements. The syntheticdata generatoris
kindly providedby Mr. Michihiro KuramochiandProfessor
George Karypis in University of Minnesota.Dr. Pasquale
Forggia,at Dipartimentodi Informaticae SistemisticaUni-
versit�a di Napoli “ FedericoII ”, providedhelpful sugges-
tionsabouttheusageof VFlib graphmatchinglibrary. We
alsothankYanli Tongfor hercomments.

References

[1] R. Agrawal andR. Srikant. Fastalgorithmsfor mining asso-
ciationrules. In VLDB'94, pages487–499,Sept.1994.

[2] T. Asai, K. Abe, S. Kawasoe,H. Arimura, H. Satamoto,and
S.Arikawa. Ef�cient substructurediscovery from largesemi-
structureddata.In SIAMSDM'02, April 2002.

[3] T. H. Cormen,C. E. Leiserson,R. L. Rivest, andC. Stein.
Introductionto Algorithms. MIT Press,2001,SecondEdition.

[4] A. Inokuchi, T. Washio,and H. Motoda. An apriori-based
algorithmfor mining frequentsubstructuresfrom graphdata.
In PKDD'00, pages13–23,2000.

[5] M. KuramochiandG. Karypis.Frequentsubgraphdiscovery.
In ICDM'01, pages313–320,Nov. 2001.

[6] J.Pei,J.Han,B. Mortazavi-Asl, H. Pinto,Q.Chen,U. Dayal,
andM.-C. Hsu. Pre�xSpan:Mining sequentialpatternsef�-
cientlyby pre�x-projectedpatterngrowth. In ICDE'01, pages
215–224,April 2001.

[7] X. YanandJ. Han. gspan:Graph-basedsubstructurepattern
mining. TechnicalReportUIUCDCS-R-2002-2296,Depart-
mentof ComputerScience,Universityof Illinois at Urbana-
Champaign,2002.

[8] M. J. Zaki. Ef�ciently mining frequenttreesin a forest. In
KDD'02, July2002.


